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Abstract 

In [3] we present the construction of the semi-symmetric algebra [xK-E) 
of a module E over a commutative ring K with unit, which generalizes 
the tensor algebra T{E), the symmetric algebra S{E), and the exterior 
algebra A{E), deduce some of its functorial properties, and prove a clas- 
sification theorem. In the present paper we continue the study of the 
semi-symmetric algebra and discuss its graded dual, the corresponding 
canonical bilinear form, its coalgebra structure, as well as left and right 
inner products. Here we present a unified treatment of these topics whose 
exposition in [2j A. Ill] is made simultaneously for the above three partic- 
ular (and, without a shadow of doubt — most important) cases. 

1 Introducton 

In order to make the exposition self-contained, in this introduction we remind 
the main definitions and results from [5] . 

Let if be a commutative ring with unit 1. Denote by U{K) the group of units 
of K. Given a positive integer d, let W < Sd he a, permutation group, and let x 
be a linear K-vahied character of the group W, that is, a group homomorphism 
X-W ^ U{K). We call a M^-module any if-linear representation of W and 
view it also as a left unitary module over the group ring KW. Let M be a W- 
module. We denote by the M^-submodule of M, generated by all differences 
X{i7)z — az, where a G W, z e M, and by the W-submodule of M, consisting 
of all z G M such that az — x(cr)2; for all a € W. Given if-modules E, F, 
we denote by MultK{E'^, F) the if -module consisting of all if-multilinear maps 
E ^ F, and by T'^{E) — the d-th tensor power of E. The if -modules T'^[E), 
HomxiT'^iE), F), and MultK{E'^,F) have the usual structure of M^-modules, 
see p. Ch. Ill, Sec. 5, n° 1]. We denote the factor- module T'^{E) / ^-iT'^{E) by 
[x]'^(i?), and call it d-th semi- symmetric power of weight x of the K-module E. 
By definition, [x]'^(i?) ~ K . The image of the tensor xi®. . .®Xd G T'^{E) by the 
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canonical homomorphism ipd'- T'^{E) — > is denoted by xix ■ ■ ■ X^d, and 

is called decomposable d — x-vector. Thus, ■ • ■ X^aid) = x{'^)xiX ■ ■ ■ X^d 

for any permutation a &W . 

In [31 (1.1.1)] we show that d-th semi-symmetric power [x]'^(£') is a rep- 
resenting object for the functor MultK{E'^, —)x- As usual, we denote by Soo 
the group of all permutations of the set of all positive integers, which fix all 
but finitely many elements. We identify the symmetric group Sd with the sub- 
group of Soo, consisting of all permutations fixing any n > d. Let {Wd)d>i 
be a sequence of subgroups of Soo- This sequence is said to be admissible if 
Wd < Sd for all d > 1. A sequence of -RT- valued characters {xd- Wd U{K))d>i 
is said to be admissible if its sequence of domains (W£;)£;>i is admissible. We 
define an injective endomorphism uj of the symmetric group 5*00 by the formula 
{uj{a)){d) — (T{d — 1) -I- 1, (tj(cr))(l) = 1. A sequence {Wd)d>i is called to-stable 
if it is admissible, and Wd < Wd+i, tj{Wd) < Wd+i, for all d > 1. A sequence 
of linear iC-valued characters (xd- Wd U(K))d>i is said to be to-invariant if 
its sequence of domains {Wd)d>i is w-stable, and 

Xd+l\w^ ^ Xd= Xd+1 ° L^\Wd 

for all d > 1. Given a iiT- module E, any admissible sequence of charac- 
ters X = {Xd)d>i produces a graded if -module [x]{E) = lJd>oM'^(£'), where 
[xY{E) = [xd]'^iE), and [x]°{E) = K. Denote by ip{E) the canonical if-linear 
homomorphism ]Jd>o ^d- T{E) — > [x] where (po = idx- We denote by K'^°°^ 
a free -fC-module with countable basis. The following two theorems are proved 
in [3] (see [1 1.3.1] and ^ 1.3.3]): 

Theorem 1 Let x be an admissible sequence of characters. The following state- 
ments are then equivalent. 

(i) The sequence x is to-invariant; 

(a) for any K -module E the K -module [x\{E) has a structure of associative 
graded K -algebra, such that ^{E) is a homomorphism of graded K -algebras; 

(Hi) the K-module [x\(K^'^^) has a structure of associative graded K -algebra, 
such that ip[K'^°°^) is a homomorphism of graded K -algebras. 

The ii'-algebra [x](^) is called the semi- symmetric algebra of weight x of 
the K-module E, and its elements — X'^^^ctors. 

Theorem 2 Let W — {Wd)d>i be an to-stable sequence of groups. Then the 
group of all to-invariant sequences of characters on W (with componentwise 
multiplication) is trivial or isomorphic to the multiplicative subgroup of K con- 
sisting of all involutions. 

We obtain immediately 

Corollary 3 If x = {Xd)d>i is an to-stable sequence of characters, then 
(i) one has x = where x^^ = {Xd^)d>i; 

(a) if the ring K is an integral domain, then the possible values of Xd in K 
are ±1 for any d>\. 



2 



When Wd = {1} for all d > 1, the graded algebra [x](-B) coincides with the 
tensor algebra T{E). When Wd = Sd and Xd is the unit character for all c? > 1, 
the graded algebra [x](^) coincides with the symmetric algebra S{E). When 
Wd = Sd and Xd is the signature for all d > 1, the graded algebra [x](i?) is 
the anti-symmetric algebra of E; in particular, if 1/2 G K, then [x](-E') is the 
exterior algebra A{E) of the iiT-module E. If _E is a n-generated if-module, 
k > n, and if Wd = {1} for all d < k, Wd = Sd for all d > k, and Xd is the 
signature for all d > 1, then [x](^') is the tensor algebra truncated by its elements 
of degree > k. 

Let W < Sd he a, permutation group and let x be a linear /^-valued charac- 
ter of the group W. In [51 1] we construct a basis for the d-th semi-symmetric 
power [x]'^{E), d > 1, starting from the standard basis for T'^(E) in the case 
K is a field of characteristics 0, but the results hold when if is a commuta- 
tive ring with unit, which is an integral domain, the order of the group W is 
invertiblc in K, and the if-module E is free, see [4] where this generalization 
was announced. The counterexamples from [1] show that these conditions are 
necessary for [xY{E) to be a free if- module for all permutation groups W < Sd 
and for all characters x'^ ^ U{K). Here we prove these general results, see 
Theorem [SI its Corollary [51 and Example [TUl 

In this paper we continue the study of semi-symmetric algebras under the 
condition that the commutative ring K is both a Q-ring and an integral domain, 
and under the assumption that the iC-module E' is a free Tf-module with a 
finite basis. We unite the bases for [x]'^(-B), d > 0, and get a basis for the 
semi-symmetric algebra [x] {E) of weight x^ considered as a iiT-module. This is 
done in Corollary [H 

Further, we study some duality properties of the semi-symmetric powers 
and algebras of weight x- In Theorem [TT] we define a non-singular bilinear 
form on the product [x]''(£') x [x~^]'''{E*)^ and use it to identify the K-modules 
{[x\'^{E))* and [x~^\{E*). Mimicking the case of an exterior power, we make use 
of generalized Schur function (see [5]) instead of determinant. After this iden- 
tification, the above bilinear form coincides with the canonical bilinear form of 
the if-module [xY{E)] here M* denotes the dual of the iiT-module M. Thus, we 
get an identification of the semi-symmetric algebra [x](-E*) with the dual graded 
algebra ([xK-^'))*^'^ of the semi-symmetric algebra [x\{E), see Theorem [T6l (i). 
Moreover, we extend the sequence of the above canonical bilinear forms to the 
canonical bilinear form of the graded algebras [x](-E') and {[x\{E))®'' , by assum- 
ing that the homogeneous components are orthogonal, see Theorem ll6l (ii), (iii). 
Because of the above identification, the elements of the semi-symmetric algebra 
[x](-E*) are called x- forms. In Corollary [22] we define a structure of graded coas- 
sociative and counital if-coalgebra on [x\{E), and show that the structure of 
graded associative algebra with unit on its dual {[x\{E))*3'^ = [x]{-E*), defined 
by functoriality, coincide with the usual structure of graded associative algebra 
with unit on the graded if-module [x\{E*). In particular, when [x\{E) is the 
graded iC-module underlaying the symmetric algebra (or the exterior algebra, 
or the tensor algebra) of the Jf-module E, we obtain the usual structure of K- 
coalgebra on it (see A III, 139-141]). In Section[5l following T, Ch. Ill, Sec. 
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8, n° 4], we find out the main properties of the left and right inner products of 
a X- vector and a x-form. 

2 Basis of semi-symmetric algebra 
of a free module 

Let be a a finite group, and let x be a linear if -valued character of the group 
W. Let us assume that \W\ e U{K) and set = \W\-^ J2aew X~^{(^)(^- The 
element of the group ring KW defines ii'- linear endomorphism a^: M M 
by the rule z i-^ a-^z. Then the VF-submodule of M is the kernel of a^, and 
the VF-submodule of M is the image of a^. 

Let M be a free if-modulc with basis (ei)^^/. Let us suppose that the finite 
group W acts on the index set /. Denote by Wj the stabilizer of « € / and 
by H^(') a system of representatives of the left classes of W modulo Wj. Let 
(7i)ie/ be a family of maps W U{K) such that 7i((TT) — ^Ti{<^)li{T) for all 
i € /, and all a, t € W. In particular, the restriction of 7^ on Wi is a if-valued 
character of the group Wi for any i e /. The if-module M has a structure of 
monomial W-module, defined by the rule 

o-Ci = 7i(cr)e<^i, u & W, i G I. (1) 

We set 7(x, M) = {i e I \ 7, = X on W,}, /o(x, M) = /\J(x, M). 

Lemma 4 (i) The set I{x,M) is a W -stable subset of I; 
(it) one has ay.{vi) = for i € /o(X) -^)- 

Proof: (i) Given i G /, suppose a G W and r G Wi. Then VFctj = aWia^^ and 
X(o'Tcr~-^) = x(''")- Moreover, 

7<^i((TrCT~^) = 7<T-i<Ti(CTT)7<^i(cr"^) = 7ai(cr"^)7i(crT) = 

7<TTi(o-"-^)7i(crT) 7i(a-"-^(TT) = 7i(T). 

(ii) The complement of /(x, M) in / also is W^-stable; let i G I\I{Xi M). We 
have 

and the equality ax(^») = ^ holds because the product x~^7i is not the unit 
character of the group Wj. 

We choose an element i from any W-orbit in / and denote the set of these i's 
by r. Finally, we set J(x, M) = I* D 7(x, M), and Jo(x, M) = 7* n 7o(x, M). 
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Following Ch. Ill, Sec. 5, n° 4], we get a basis of the fC-module M consisting 
of 



e„ ieJ(x,M), 

e-i - x(o-)7j(o')e<Ti, 
ei, ieJoix,M). 



(2) 
(3) 

(4) 



Theorem 5 Let the ring K he an integral domain and let \W\ £ U{K). Then 

(i) the union of the families @) and ^ is a basis for > 

(ii) the family a^{ej), j G J(Xj M), is a basis for M^; 

(Hi) the family ej mod{xM), j £ J{x,M), is a a basis for the factor-module 
M/^M. 

Proof: (i) The family ^ is in by definition. Lemma [H (ii), implies that 
the family ^ is contained in ^M. Now, set J = J(x, M) and suppose that 
X^jej ^j'^xi^j) ~ ^ some kj G K such that kj = for all but a finite number 
of indices j £ J. We have 



hence kj — for all j G J, which proves part (i). In addition, we have proved 
that the elements a^ivj), j G J(x,M), are linearly independent. 

(ii) The elements a^ivj), j G J{x,M), are in and, moreover, each ele- 
ment of has the form a^(z) for some z G M. Since the union of families ([2]) 
- (HI is a basis for M and since the endomorphism a^ annihilates ([3]) and (|4|), 
part (ii) holds. 

(iii) Part (ii) implies part (iii). 

Now, let us suppose that the iiT-module E has basis (e^ )^gi. Then the tensor 
power M = T''-{E) has basis {ei)i^i^d, and if < S'd is a permutation group, 
the rule aei — e^i, c G W, defines on M a structure of monomial Vl^-module. 

Corollary 6 Let W < Sd be a permutation group and let x be a linear K- 
valued character of W . If K is an integral domain and \W\ G U{K), then the 
d-th semi- symmetric power [x\[E) of weight x of a free K -module E with basis 
{se)eeL is o, free K -module with basis 



Proof: Substitute M ^T'^{E), I = L'^, j,{a) = 1 for aU ct G W^, z G L'^, in 
Theorem [5] 

Corollary 7 Let W < Sd be a permutation group and let x be a linear K- 
valued character of W . If K is an integral domain, \W\ G U{K), and if E 
is a projective K -module (a projective K -module of finite type), then the d-th 
semi-symmetric power [x]{E) of weight x is a projective K -module (a projective 
K -module of finite type). 




(eji X • ■ • Xejrf ) (ji . . . . j-rf ) e JCx.T'' (£)) • 



5 



Proof: Let L be a set (a finite set), and let K^^'' be the free ii"- module with 
the canonical basis indexed by L. Let 



be a splitting monomorphism of A'-modules. Since the functor [x]'^(~) trans- 
forms epimorphisms into epimorphisms, the sequence 



also is a splitting monomorphism of ii'-modules, and, moreover, according to 
Corollary H [x]'^{K'-^^) is a free iiT-module (free module with finite basis). 
Therefore [x]'^{E) is a projective if-module (a projective if-module of finite 
type). 

Remark 8 Let us set J (xj?^" i^)) = i^}} ^0 — 1. We unite the bases of all 
semi-symmetric powers [x]'^{E) (see Corollary [B^ , thus getting J {X:T {E)) = 
^d>oJ {xd,T'^ (E)) ■ In particular, when L ~ [!,"■]; the elements of the set 
J {x,T'^ [E)) can he chosen to he lexicographically minimal in their W-orhits, 
and we can introduce following notation: 



For any i G /(x, d) we define £m{i) to he the lexicographically minimal element 
in the W-orhit of i, and set Q{i) = Xd{'^), where a G Wd is such that ai — im(i). 
Since the restriction of the character Xd is identically 1 on the stahilizer {Wd)i, 
the element C,{i) G U{K) does not depend on the choice of a. 

Let X — {Xd)d>i be an cj-invariant sequence of characters and let W = 
{Wd)d>i be the sequence of their domains. 

Corollary 9 Let K he hoth a Q-ring and an integral domain. 

(i) If E is a K-module with hasis {ei)i^L, then the family isj)j£j(T(E),x) 
is a basis for the semi- symmetric algebra [x](^') of weight X; considered as a 
K-module; 

(ii) If E is a K-module with finite basis {ee)"^i, then the family {ej)jeJ{x,n) 
is a basis for the semi- symmetric algebra [x] (E) of weight X; considered as a 
K-module. If j G J{x,n,d) and k G J{x,n,e), then the multiplication table of 
the K -algebra [xK-^') is given by the formulae 



Proof: (i) Straightforward use of Corollary [HI 

(ii) The first part is a particular case of (i). We have ejx^k = S{j.k), and 
in case {j,k) G Io{x,n,d -\- e) Lemma 21 (ii), implies e(j_/j) = 0. Otherwise, 
eim{j,k) G JiXi n,d e), and we make use of Remark [8l 



0^ E ^ K'-^^ 



0^[xf{E)^[xf{K^^^) 



I (x, (E)) = /(x, n, d), lo (x, (E)) = /o(x, n, d), 
J {T^ (E) , x) = J(x, n, d), J (T (E) , x) = J(x, n). 
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Example 10 We will show that if some of the conditions of Corollary \^ fail, 
then the K -module [x]'^{E) is not necessarily free. 

(i) The ring K is not an integral domain. 

We set K = Z15, W = {(1), (12)(34), (13)(24), (14)(23)} < 5*4 is the Klein 
four group, x((12)(34)) = A, x((13)(24)) = A, x((14)(23)) ^ 1, E ^ Ke^\\Ke2, 
I ~ [1, 2]**, ei — Ci^® . . . ®ei^ for i = (ii, . . . , £ /. We have x — X'^ ■ I'hs- 
K-module T^(E)^ is spanned by the elements 

ax(e(i,i4,i)) = 106(1^1^1^1), 

ax('S(2,2,2,2)) = 106(2,2,2,2)7 

ax(e(l,l,2,2)) = 56(1,1,2,2) + 56(2,2,1,1), 

ax(e(l,2,l,2)) = 56(1,2,1,2) + 56(2,1,2,1), 

ax(e(l,2,2,l)) = 86(1,2,2,1) + 86(2,1,1,2), 
«x('^(l, 1,1:2)) = 6(1,1,1,2) + 6(1,1,2,1) + 6(1,2,1,1) + 46(2, 1,1,1), 
«x('^(l,2,2,2)) — 6(1,2,2,2) + 6(2,1,2,2) + 6(2,2,1,2) + 46(2,2,2,1)- 

Thus, the "Li^-module is isomorphic to the submodule 

Zi56(l) U Zi56(2) [J Zi56(3) ]J Z15IO6W U Zi5l06(5) ]J Zi556(6) ]J Zi556(^) 

of a free Z15 -morfw/e with 7 generators 6^^-' , . . • , 6^^-' . This submodule has 15'^3* 
elements, and this number is not a power of 15, hence [x]'^{E) — M/^M is not 
a free li^-module. 

(ii) The order \ W\ of the group W is not invertible in the ring K . 

We denote by e a primitive S-th root of unity and set K = Z[e], W = 
{(1), (123), (132)} < ^3, X(123) ^e,E^ Ke, ]} Ke^, M = T^E), I - [1, 2]^ 
Si = ei^®ei2®ei^ for i = (ji,«2,i3) G I- The K-module [x^Y{E) = M/^M is 
spanned by the elements 

6(1,1,1), 6(2,2,2), 6(1,1,2), 6(1,2,2) (mod x^^)- 

Suppose that for some ki, . . . , £ K we have 

^16(1,1,1) + ^26(2, 2, 2) + ^36(1, 1,2) + ^46(1, 2, 2) G x*^' (5) 

Applying the operator of x-symmetry — X^o-eW X^i'^)'^^ ™6 obtain 

fcl^x6(l,ia) + ^2^x^(2, 2, 2) + ^3^x6(14, 2) + ^4^x^(1, 2, 2) = 0. 

On the other hand, ^1,^,6(11,1) — ^x6(2.2,2) — 0, and A^e(i i 2) '^i^d ^x6(i,2.2) o,''"^ 
linearly independent over K , hence k^ = ki — 0. Thus, 

^16(1,1,1) + ^26(2, 2, 2) = ^l(l - £)6(1,1,1) + ^2(1 - £)6(2,2.2) + /, 

where £i,£2 G K, and f is a K -linear combination of the tensors 6(1,1.2) ~ 
£6(2,1,1), 6(1,1,2) - £^6(1,2,1), 6(1,2,2) " £6(2,1,2), and 6(1,2,2) " £^6(2,2,1), that is, 
fci € (1 — £)K , fc2 e (1 — £)K , and f — 0. Therefore, (0j is equivalent to 
fci G (1 — s)K , fc2 G (1 — £)K , and k^ = k^ — 0. In particular, the K-module 
[x'^]^{E) has non-zero torsion part, hence it is not free. 



7 



3 Duality 



Let the ring K be an integral domain. Let us denote by J- the category of K- 
modules with finite bases and, as usual, denote by Oh{T) its set of objects. Let 
ii' be a if-modulc with finite basis {ee)"^i and let E* be the dual -module with 
dual basis (e^)"^]^. Denote by ( , ) the canonical bilinear form E x E* ^ K, 
{x, X*) I— > x*{x). Let < S'd be a permutation group with \W\ S U[K), and let 
X be a linear if -valued character of W . We set |M^0| = 1. For any d x d-matrix 
A — (a.ij) over K, the expression 

d^{A) = ^ x(c^)aa-i(i)i ■ • ■ a<T-i(rf)d 
crew 

is known as (generalized) Schur function. It was introduced by L Schur in [5]. 

Theorem 11 (i) The formulae 

[xf{E) X [x-YiE*) ^ K, (6) 

B{xix ■ ■ ■ XXd, xlx"^ ■ ■ ■ X^^x*d) = d^ii< Xi^x] >)i'j=i)' 
for d>\, and the formula 

[xf{E)x[x-'f{E*)^K, (7) 

B{k,k*) = kk\ 

define non-singular bilinear forms; 

(n) ifLf:[x-^Y{E*) ^ {[xY{E)Y (resp., .W; [x-T(i?*) ^ (M^iE))*) 
is the isomorphism of K -modules, associated with (resp., with then 
the family i^'^^ = (t^'')_BGOf)(J^) (resp., l'^^^ ) is an isomorphism of functors, 

(Hi) after the identifications via the functor l^"^^ from (ii), B is the canonical 
bilinear form of the K -module [x\'^{E), and the bases {ej)j£j and ((l/\Wj\)e*)j£j 
are dual. 

Proof: (i) For d = we get the multiplication of the ring K. Let us suppose 
d > 1. The product E'^ x {E*Y has a natural structure of x PF- module (see 
[21 2.1]), and the map 

E'^ X {E*)-^ -> K, 
{xi, ...,Xd,xl,...,x*j^)i-^ dYii< ^■I'^j >)f.j=i)^ 

is semi-symmetric of weight x with respect to variables xi, . . . , Xd, and semi- 
symmetric of weight ^ ^ with respect to variables x*, . . . , x 15 . Hence by [31 
Lemma 2.1.2] it gives rise to a bilinear form B given by formulae ([5]). We have 
J{x,n,p) = J(x~^,n,p) = J, and in accord with Corollary|6l (ej)jgj is a basis 
for [x]'^{E), and {e*)j(zj is a basis for [x^^]'^{E*). If 6{j, k) is Kronecker's delta, 
then 

Biej,el)^ X"'(^)(ej„-i(i),4i)---(ej„-i<,,,4,) 
crew 
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<J£W 

hence 

B{e,,el)^\W,\S{j,k). (8) 

In particular, ([6]) and ([7|) are non-singular forms for any d > 0. 

(ii) For any if-linear map u: E ^ F we denote by \i: F* E* its transpose. 
A direct computation shows that 

\[xY\u))o,f^,fo{[x-']'Cu)). (9) 

(iii) The equality ([8]) yields that {ej)j^,j, (■pf^epjg,/ is a pair of dual bases. 
Remark 12 Throughout the end of the paper we will use notation 

{xix ■ ■ ■ XXd, xlx~^ ■ ■ ■ X^^x*j} = B{xix ■ ■ ■ XXd, xlx^^ ■ ■ ■ X^^^^d), 

and in this notation, for any x — X^jeJ ^i^J' ^'"^'^ f'^^ '^^V ^* ~ '^jeJ •^'j^j ' '^^^ 
has 

(10) 

Remark 13 In accord with Theorem \1H (ii), (iii), for any d > I, and for 
any K-module E with finite basis we identify {[x]'^{E))* with [x~^]'^{E*) as K- 
modules via the functor and call the elements of [x^^]'^{E*) d — x-forms 
on E. 

Corollary 14 For any K-linear map u: E ^ F one has X[x]'^u) ~ [x^^]'^{'u). 

Proof: This the equality ([9]) after the identifications via the functor l'^'^^ . 

Let A — (a^.s) be an m x n matrix over K and let d > 1. For any j £ 
J(x,"i,d), k e J{x,n,d), we set ajk = Ylt=i'^Jtkt> and 

and call the expression A(j)j,(x) the (j, k)-th row minor of weight x of A. 

Let A = {art) and A' — (a'^fi) be two n x d matrices over K. Using notation 
from the beginning of Section [H we set xt = Ylr=i'^rter, a;^ = Sl^i'^s/i^si 
where t,h = 1, . . . ,d. Then {xt, x^) — X]r=i '^rto-'rh th-entiy of the matrix 

and hence 

{xix ■ ■ ■ XXd, x*ix~^ ■ ■ ■ X~^x*i) = d^CAA'). (11) 
On the other hand, 

a;ix...xa;d = ^A(,)(x)e,, xlx~' ■ ■ ■X'^x*^ ^J^^U^X^'^r (12) 
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where = ^(j)/c(x), and A'^j^ix ^) ^'u)kix ^) with k = 

Therefore ^ and ^ yield 

In particular, when A — A' we obtain generalized Lagrange identity 
d^CAA) = J2\^Mu)ix)Au){x-')- 

Lemma 15 Let A = (of/j) be a d x d matrix over K . Then, in the previous 
notations, one has: 

(^)d^{'A)=d^-M)■, 

(a) dy^{A) = {xix ^•■■X ^Xd,elx---Xe*d); 

(Hi) The generalized Schur function dx{A) is semi- symmetric of weight x~^ 
(resp., of weight x) with respect to the columns (resp., the rows) of the matrix 
A. 

Proof: (i) Direct checking. 

(ii) Using (i) and (jll[) with d — n and A' — Id (the unit d x d matrix), we 
obtain the equality. 

(iii) This is an immediate consequence of (ii) and (i). 

Throughout the end of the paper we fix the following notation: 

K is both a Q-ring and an integral domain; 

iXd- Wd — ^ K)d>i is an w-invariant sequence of characters; 

_E is a if-module with finite basis; 

[x\ [E) is the semi-symmetric algebra of weight x of E. 

We remind that the dual graded ii'-module {[x\{E))*^^ is, by definition, the 
direct sum Ud>o(M''(^))*j where we identify a linear form on [x]'^(£') with its 
extension by to [x](^)- Let us set l — \[d>o '-^'^^ ■ 

Since the if-module E has a finite basis, then it is a projective module of 
finite type, and using Corollary [71 |2j A II, p. 80, Cor. 1], and Theorem [TTl we 
obtain 

Theorem 16 (i) l: [x](~*) ~* ([x](~))*^'' an isomorphism of functors; 

(ii) After the identification via the functor l from (i), the restriction of the 
canonical bilinear form of the K -module [x\{E) on [x\{E) x [x\{E*) is given by 
the formulae 

(, ):[xmx[x]{E*)^K, (13) 

r ifr^s 
{xix...xxr,xlx---xx*s) = I d^{{{xi,x*))\.j^^) ifr = s>l 

[ 1 j/r = s = 0; 

(iii) for any k > 2 the restriction of the canonical bilinear form of the K- 
module {[x]{E))®'^ on {[x]{E))®'^ x [x]{E*))'^^ is given by the formulae 

(, ):{[x]{E)r'^ x[x]{E*)r'' ~.K, (14) 
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{xix ■ ■ ■ XXr xxx ■ ■ ■ XXr' ' ' ' , x^x ■ ■ ■ X^l ® xlx ■ ■ ■ X^l' «)•••) = 
r if[r,r',...)^[s,s',.. 
1 {xiX---XXT,xlx---xK){xiX---XXr',xlx---XK') ■■■ if{r,r',...) = (s,s',.. 

Remark 17 Let d, e . . ., h, he non-negative integers with d + e -\- ■ ■ ■ + h ~ n. 
We set 

J{x;n;d,e, . . . , /i) = 

{{j,k,...,r) G J{x,n,d)xJ{x,n,e)x- ■ ■xJ{x,n,h) \ em{j, k, . . . ,r) = (l,...,7i)}. 

Let M{x', n; d, e, . . . , h) be the set of lexicographically minimal representatives of 
left classes ofWn modulo Wd x uj'^{We) x ■ • • x lu'^+'^+"' (Wh)- We identify the 
set M{xj n; d, . . . , h) with the set J{x', n; d, e, .... ft,) via the canonical bijection 

M{x; n; d, e, . . . , ft) J(x; n; d, e, . . . , ft), 

C-((C(l),...,C(rf)),(C(^^ + l),.-.,C(d + e)),...,(C(d + e+--- + l),...,CW)). 

We fix {X, fi, . . . ,1^) e J(x; n; d, e, . . . , h), and let a G Wn be a permutation, 
such that A = ((7(1), . . . , <j{d)), ^ = {cr^d + 1), . . . , a{d + e)), . . ., and v = 
{a{d + e + - ■■ + !),... ,a{n)). We have ({X, fi, . . . ,1^) = x(o')- Let us write d^{A) 
for d^^^{A). 

Proposition 18 Let A be an n x n matrix over K . Then 

C(A, /I, . . . , I/) ^ C(i,^, • • ■ ,'")Aj)A(x)Afe)M(x) • • •^(r)>.(x)- 

(Laplace expansion of d^{A) with respect to X, fi, . . ., v). 

Proof: Indeed, using Lemma [T5l (ii), Corollary[3l (i), the expansions (|12p . and 
Corollary [51 (ii), we obtain 

d^{A) = {xix~^ ■ ■ ■ x'^Xn, ejx • • ■ Xe* ) = (a^iX • ■ • XXn,elx ■ ■ ■ ) = 
C(A, fi,..., iy){xx,x- ■ ■ XX\aXXf,iX- ■ ■ XX^^^XXv^X- ■ ■ XX^^,elx ■ ■ ■ xO = 
C(A,M,-.-,^)( E aj,k,...,r) 

(j,k,...,r)eJ{x,n,d)xJ{x,n,e) X ■ ■ ■ X J{x,;n,h) 

Au)x{x)^{k)t^{x) ■ ■ ■ A{r)u{x)eem{j.k,...,r), elx ■ ■ ■ xO = 
C(A,M, ■••f^) ({j,k,...,r)A(^j^x{x)A{k)t,{x)---A{r)u{x)- 

[j^k,...,r)GJ{X',n;d^e,...Ji) 
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Proposition 19 For any non-negative integers d, e,. . ., h with d+e+- ■ ■+h = n 
one has the following expansions of the bilinear form \13\) (Laplace expansions): 

{xiX---XXn,xlX---XXn) = 

xiOinwx ■ ■ ■ xx<:{d),xlx ■ ■ ■ xx*d) 

C&M{x;n;d,e,...,h) 

{X(;{d+l)X ■ ■ ■ XXc{d+e) , Xd+iX ■ ■ ■ XX*d+e) 
■ ■ ■ {x<;(^d+e+- + l)X ■ ■ ■ XXcin),Xd+e+... + lX ■ ■ ■ XO = 

xiOixiX ■ ■ ■ XXd, a;^(i)X • ■ • xa^cw) 

C£M{x\n\d,e....,h) 

{Xd+lX ■ ■ ■ XXd+e, X^^d+l)X ■ ■ ■ Xx\{d+e)) 
■ ■ ■ {xd+e+--- + lX ■ ■ ■ XXn,X*(-(^^^^^ ^;^)X • ■ • Xx\{n))- 

Proof: We have 

{xiX--.XXn,xlX---XXn) = 

Yj X(C')((a^C'(l)' • • • {xQ'{d),X*d)){{xQ,(^d+l),X*^^^) ■ ■ ■ {xQ'{d+e),X*d+e)) 
C'6W„ 

• ■ ■ {{Xc.'(d+e^ hi); ^d+eH hi) ' ' ' (^C'(")' ^n)) = 

E E x{Ox{<r')x{T').-.x{v') 

CeM(x;n;rf,e,...,/i) (ct',t',...,j)')G Wd xa)'*(We) x •■■ xw<*+=+- - (Wh) 

{{xc{a'(l))iX*i) ■ ■ ■ {X(;(cr'{d)),X*d)){{x^i^r'{d+l)),X*d^i) ■ ■ ■ {x Ql^r' [d+e)) , X*dj^^)) 

■ ■ ■ {{X({rj'{d+e^ hi)); ^d+eH hi) ' ' ' (^^CC')' (")) ' ^n) ) ~ 

E X(C)( E Xi<^'){xc{a'{l)):Xl)---{X(;(^^,(^d)),X*a}) 

CeM{x;n:d.e,...,h) cr' eWd 

( E X{T'){xc{r'{d+l)),X*d+i) ■ ■ ■ {X(;(^r'{d+e)),X*d+e)) 

•■•( E x(»7')(a;c(V(<i+e+-+i));4+e+-+i)---(a;cW(n)):0) = 
E x(C)(a;c(i)X • ■ • X^^CM' ^iX • ■ • XX*d) 

CGM(x;n;d,e,...,/i) 

(a;c(d+l)X • ■ • XXc(d+e) , X*d+lX ■ ■ ■ XXd+e) ■ ■ ■ 
{xc{d+e+--- + l)X ■ ■ ■ XXc(n),Xd+e+- + lX ■ ■ ■ XO • 

For the second equahty, we can write 

{xiX---XXn,xlX---XXn) = 
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x(C')((2;i>a:J/-i(i)) • • • (a;d,xj,-i(rf)))((a;d+i,xj,-i(^_^i)) • • • (a;d+e, 

• • • {{xd+eA hlj 2:J/-l(rf+eH hi)) ' ' ' i^n , (n))) — 

■ ■ ■ {{xd+e-\ hli ^1)} • ■ • (Xn, a;J/(„)}), 

and then we proceed by analogy. 

According to Lemma I31[ for any n we obtain a if-linear map 

[xnE) ^ ®d+,+...+h=.^[xf{EMxnE) . . . ®[x]'\E), 

XiX---XXn^ Y Yl X(^) 

d+eH \-h=n p£M (x;n;d,e,. . . ,h) 

{Xp{l)X ■ ■ ■ XXp{d))®{Xp(d+l)X ■ ■ ■ XXp(d+e)) <S) ■■■ (E){Xp(d+e+--- + l)X ■ ■ ■ XXp(n))- 

Therefore, for any > 2 we get a homomorphism of graded -RT-modules 

c,iEy.[xm^i[xmr\ (15) 

Ck{E){xiX- ■ -XXn) = Y 

rf+eH yh=n peM{x;n;d,e,...,h) 

{Xp{l)X ■ ■ ■ XXp{d))'^{Xp(d+l)X ■ ■ ■ XXp{d+e))'^ ■ ■ ■ <»{Xp(d+e+--- + l)X ■ ■ ■ XXp{n))- 

Corollary 20 For any k in number non-negative integers d, e,. . ., h with d + 
e + ■ ■ ■ + h — n one has 

{xiX---XXn,xlX---XXn) = 

{ck{E){xix ■ ■ ■ XXn), x\x--- XX*d®xl^^x ■ ■ ■ Xx*d+e® ■ ■ ■ ®a;2+e+...+iX • ■ • xO = 

{XIX- ■ - XXd^Xd+lX ■ --XXd+e® ■ ■ ■ ®Xd+e+- + lX ■ ■ ■ XXn, Ck{E*){xlx ■ ■ ■ XX*n)) ■ 

Proof: Using and Proposition [111 we have 

{xiX---XXn,x\X---XXn) = 

Y x{C){xQ[i)x ■ ■ ■ xxad),xlx ■ ■ ■ xxd) 

CGM(x;n;d,e,...,/i) 

{xQ(^d+l)X ■ ■ ■ XXad+e),Xd+^X ■ ■ ■ XX*d+e) 
■ ■ ■ {X(;(d+e+--- + l)X ■ ■ ■ XXan),X*d+e+- + lX ■ ■ ■ XXn) = 

Y xio 

C£M(x;n;d,e,...,h) 

{xq(1)X ■ ■ ■XXc(d)®XQ(d+l)X ■ ■ - XXcid+e)® ■ ■ ■ ®X(^(d+e+- + l)X ■ ■ - XXQin), 
X\X--- XX*d®X*dj^^X ■ ■ ■ XX*d^e.® ■ ■ ■ ^a^S+e+.-. + iX • • ■ XO = 
(Cfc(^;)(xiX ■ • • XXn), X\X--- XX*d®X*dj^^X ■ ■ ■ XX*d+e® ' ' ' ®X*d+^+... + iX ■ ■ ■ XXn)- 

Similarly, using the second identity of Proposition [111 we obtain the second 
identity of this corollary. 
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4 Coalgebra properties 

Let us set Ck = Ck{E), and ce = C2{E), where Ck{E), fc > 2, is the homomor- 
phism of graded if -modules from (fTS)) . 

Proposition 21 One has 

Ck = (Cfe_i®l) OCE ^ (l®Cfc_i) o CE, 

where 1 is the identity map of [x] (E) . 
Proof: We have 

Ce{xiX- ■ -XXn) ^ X{p) 
p-\-h—n p^M{x-ri-,pJi) 

{Xp(l)X ■ ■ ■ XXp(p))®{Xp(p+i)X ■ ■ ■ XXp{n))- 

First, we apply the ii'-linear map Cfc-iOl and get 

{Ck-1<S)1){CE{XIX. ■ -XXn)) = Y X! 

p-{-h—n p^M{x-n-,p,h) 

Cfc_i(Xp(i)X • • ■ XXp{p))®{Xp(p+i)X- ■ ■ XXp(n)) 

H ^ Yl Yl X{PQ){Xp{g{l))X---XXp{g{d))) 

p+h=n p£M(x;n;p,h) d+eH — =p q£M (x\p;d,e,. . .) 

®{xp(e(d+i))X ■ ■ ■ XXp(e(d+e)))® ■ ■ ■ ®{xp(p+i)X ■ ■ ■ XXp(n)) = 
J2 J2 J2 J2 xiPQ)ixpieii))X---XXpi,id))) 

p+h=7i p£M(x;n;p,h) d+eH — =p q£M (x\p;d,e,. . .) 

«'(a;p(e(d+i))X • • • XXp(e(d+e)))® ■ ■ ■ <»{xp(e(p+i))X ■ ■ ■ XXp{g{n))) = 
Y x{pQ)ixpieii))X---XXpigid))) 

d+eH hh=n (p.g)£M (x;n;p,h)x M {x\P;d,e,. . .) 

(^iXp(g(d+l))X ■ ■ ■ XXp{g{d+e)))'» ■ ■ ■ '»{Xp{g(p+l))X ■ ■ ■ X^ p{g{n))) ■ 

In terms of Notation [211 we set pga'r' . . . 77' ~ 1 • {pg), where a' G Wd, t' G 
uj^iWe),. . ., 7?' e LuP{Wh), a' = a,ae Wd, t' = lu^{t), t € W,,. 6^^(77), 
■q e Wh. Then x{pq)x{(^)x{t) ■ ■ ■ xiv) = x(l • (pq)), and we have 

(cfe_i(8)l)(c£;(a;ix • • ■ XXn)) = 

Y Y X{'^-{P0)){Xp(g(a{l)))X---XXp(g(a(d)))) 

d+e-\ \-h=n (p,g)eM (x\n;p,h)y. M (x;p;d,e,...) 

«)(a;p(e(r(d+l)))X • ■ • XXp(g{r{d+e))))'S) . . . ®{Xp(g{ri{p+l)))X ■ ■ ■ XXp{g(n))) = 

Y Y X{^- {PQ)){Xil.(pg))(l)X---XXil.(pg))(d)) 

d+e-i \-h=n (p,g)eM (x\n;p,h)-/. M {x\P\d.e,. . .) 
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®(a;(i.(pe))(d+i)X ■ • ■ XX{i-ipe}){d+e))<» ■ ■ ■ ®{x{i.(pe)){p+i)X ■ ■ ■ XX{i-(pe)){n))- 
According to Lemma [32] we obtain 

{Ck-1®1){CE{XIX ■ ■ ■ XXn)) = 

d+e-i \-h=n i;eM(x;n;d,e,...,h) 

<»{x,(d+l)X ■ ■ ■ XX<;id+e))<» ■ ■ ■ ®{x^(p+l)X- ■ ■ XX^(n)) = 
Ck{xiX ■ --XXn)- 

Similarly, we apply the iiT-linear map l®Ck-i and obtain 

{l®Ck-l){cE{xiX- ■ -XXn)) ^ Y Y X{P) 

d+q=n peM{x;n;d,q) 

{Xp(l)X ■ ■ ■ XXp{d))®Ck^l{Xp(d+l)X ■ ■ ■ XXp{n)) = 

Y Y x{PQ)ixp{i)X---XXp(d)) 

d+q—n peM(x\n-,d,q) eH h'i=g eei^''' (M(x;g;e, . . . 

®(a;p(e(d+i))X ■ • • XXp(e(d+e)))® ■ ■ ■ ®{xp(e(p+i))X ■ ■ ■ XXp{g{n))) = 
Y Y Y Y xipQ)ixpie(i))X---XXpie(d))) 

d+q=n peM{x;n;d,q) eH hh=q qElj'' (M {x;q.e,. . . ,h)) 

®{xp{e(d+i))X ■ ■ ■ XXpieid+e)))® ■ ■ ■ ®{xp{g{p+i))X ■ ■ ■ Xa^p(e(n))) = 
Y Y x{pQ){xp(e(i))X---XXp(g(d))) 

d+e-\ \-h=7i (p,g)eM(x\n;d,q)xui'^{M(x;q\e,...Ji)) 

®{Xp(Q(d+l))X ■ ■ ■ XXp{g{d+e))) <»■■■ ®{Xp{g(p+l))X ■ ■ ■ XXp{g{n))) = 

Y Y x(l-(pe))(a;(i.(pe))(i)X---Xa;(i.(pe))(d)) 

d+eH yh=n {p.g)eM {x.n-,d,q)xu>'' (M (x\q;e,. . . ,h)) 

®(2;(l-(pe))(d+l)X ■ • ■ XX{l.{pg))(d+e))® ■ ■ ■ ®{X(l.{pg)){p+l)X ■ ■ ■ XX(l.{pg))(n)) = 

Y Y x{<i)ix,ii)X---Xx,(d)) 

d+e-i \-h=n i;eM(x;n;d,e,...,h) 

«)(a:^(d+l)X ■ • ■ XX<;{d+e))'» ■ ■ ■ ®{x^(p+l)X- ■ ■ XX<;{n)) = 
Ck{xiX ■ --XXn)- 

Let us denote by the multiplication of the algebra [x](iJ): 

mE:[x\{E)®[x]{E)-^[x\{E), 

XiX--- XXd®yiX ■■■XVe^ xix ■ ■ ■ XXdXViX ■ ■ ■ XVe, 
and hy e E'- K [x\{E), £e{o) = al, the unit of the algebra [x\{E). 
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Corollary 22 (i) The K-linear map ce'[x\{E) [x\{E)®[)(\{E) defines a 
structure of graded coassociative K -coalgebra on the graded K-module [x\[E), 
which is, moreover, counital, with counit, the linear form ce defined by the rule 



eEiz) = 



z ifzeixTiE) 
if z e {[xm)+; 

(a) The structure {[x\{E), ce, ^e) of graded coassociative K-coalgebra with counit 
on the graded K-module [x\{E) defines by functoriality a structure of graded as- 
sociative algebra with unit on its dual {[x]{E))*^^ — [x]{E*), and the last one 
coincide with the canonical structure {[x]{E*),mE* , £e') of graded associative 
algebra with unit on the graded K-module [x\{E*); 

Proof: (i) The case fc = 3 of Proposition [21] yields coassociativity of [x](E). 
We have 

{eE®l){cE{xix ■ ■ ■ XX71)) = 
{eE®l)i xip)ixp{i)X---XXp{p))(^ixp(^p+i)X---XXp(n))) = 

p-\-h—7i p^]\I{x\n\p,h) 

Y XI x{p)<^E{{xp(^i)X---XXp{p)))®{xp(^p+i) 

X ■ ■ ■ XXp{n) ) — 

p+h=n p£M(x;n;p,h) 

Y X{p)^E{l)®{Xp[i)X---XXp{n)) = 

l(8)XiX • • • XXn = XiX ■ ■ ■ XXn- 

Similarly, 

{l(E)eE){cE{xiX ■ ■ ■ XXn)) = 

{1(»€e){ Yj Y1 X{p){Xp{l)X- ■ ■XXp(d))®{Xp{d+l)X- ■ -XXpin))) ^ 

d+q—n piEM{x;n;d,q) 

Y Xip)iXp{l)X---XXp(d))^<^Ei{Xp(^p+i^X---XXp(n))) = 

d+q=n p£M(x\ri\d,q) 

Y x{p)ixp{i)X- ■ ■XXp{„))«'eE{l) = 

p£M{x;n;n,0) 

XlX ■ ■ ■ XXn^i = XiX ■ ■ ■ XXn- 

Therefore 

(e_E(8)l) o CB = (l^es) o c_e = 1. 

(ii) Corollary [201 yields that the multiplication m^;. in the graded algebra 
{[x]{E*),mE* ,£e*) is the transpose of the comultiplication ce of the graded 
coassociative i^T-coalgebra with counit ce, £e)- Moreover, the counit eE 

is an element of {[x]{E))*^^ , such that if z G [x]{E), z = zq + zi + Z2 + ■ ■ ■, then 
{z, eE) — Zq ^ zqI. The transpose of eE is the iiT-linear map K* — > {[x]{E))*s^ , 
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I ^ £ o eE- We compose it with the canonical isomorphism K K*, and, 
after the identification of {[x]{E))*^'^ with [x\{E*) via the isomorphism from 
Theorem [TCI (i), we get the if- linear map K [x]{E*), k ^ k\, and this is the 
unit 1 of the algebra [x]{E*). 

5 Inner products of a x-vector and a x-form 

The semi-symmetric algebra [x](^) becomes a Z-graded A'- module by setting 
{x]'^{E) = for negative integers d. 

Let d and q > be integers with d + q = n. Let a = aix ■ ■ ■ X^q be a fixed 
decomposable q — vector. The right multiplication by a in the algebra [x\ (E), 

xix ...xxd^-^xix--- XXdXaiX ■ ■ ■ Xaq, 

defines an endomorphism e'(a) of degree q of the Z- graded A'- module [%](£'). 
The transpose of e'(a) is an endomorphism i'{a) of degree —q of the dual Z- 
graded AT- module [x]{E*). We define e'(a) and i'(a) for a G [x]{E) by linearity. 

For any x- vector a G [xK-^') and for any x-form a* G [x]{E*) denote the 
X-form i'{a){a*) by a\a* and call it left inner product of a and a*. Thus, 

{xxa,a*) = (x, aja*) 

for X £ [x\{E). 

Proposition 23 Let d and q > be integers with non-negative sum n = d + q. 
Then for any decomposable q — X"'^'cctor a = aix ■ ■ ■ X^-qt for any decompos- 
able n — x-form a* — a^x ■ ■ ■ X^* , the left inner product a\a* is the d — x-l^i^eo,f 
form 

x{p){aiX ■ ■ ■ xaq, ap(d+i)X ■ ■ • Xap(„))ap(i)X • • • Xap(d) 

p£M(x;n-d,q) 

in case n > q, and in case n < q. 

Proof: In case n < q we have a\a* — by the definition of the endomorphism 
i'{a). Otherwise, i'(aix • ■ • Xaq){alx ■ ■ ■ X^n) is the linear form 

a^iX ■■■XXd>-^ {xix ■ ■ ■ XXdXaiX ■ ■ ■ X^q, a^x ■ ■ ■ xO 
on [x](-E). Proposition [Tni yields 

(xiX ■ ■ ■ XXdXaiX ■ ■ ■ xaq, ajx • ■ • xO = 
xip){xiX ■ ■ ■ XXd, ap(i)X ■ • ■ Xap(d))(aiX ■ • ■ Xaq, a*p^d+i)X ■ ■ ■ Xa*p^n)) = 

p&M{x;n;d,q) 

{xix ■ ■ ■ XXd, Y x(p)(aiX ■ • • Xa-q, a*p^d+i)X ■ ■ ■ Xap(„))ap(i)X ■ • ■ Xap(d))- 

peM(x;n;d,q) 

After the identification of [x]'^{E))*3'' with [xKE*), we obtain the result. 
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Given non- negative integers d, q with d + q = n, a integer m > 1, and 
i e J(x, m, d), j G J(x, m, q), k £ J{x, m, n), one sets 

Mk^.j{x;n;d,q) = {p G M{x;n]d,q) \ ji = • • • = fcp(„)}> 

Mk^,^ix;n;d,q) ^ {p e M{x;n; d, q) \ kp(i) = ii, . . . , fcp(rf) = id}. 

Corollary 24 Let (e^)^]^ he a basis for the K-module E and let (e|)^'l-^ he 
its dual hasis in the dual K-module E* . Let {Gj)j^j{x,m) o-nd (e*i.)k£j(x,m) be 
the corresponding bases of [x]{E) and [x\{E*), respectively. If j £ J{x,'rn,q), 
k e J(Xi n), and if d + q — n, then the left inner product e^Je^ is the d — x- 
linear form 

pGMfc_._j(x;n;(i,(j) 

in case n > q, and in case n < q. 

Proof: In accord with Proposition [531 in case n < q we have ej\el = 0, and in 
case n > q, we have 

x{p){enX---Xej,.el^^^^^^x---Xel^^Jel^^^^x---Xel^,,, = 

peM(x,n;d,q) 

x{p)el^^,,X---Xel^^^y 

Proposition 25 The addition and the external composition law {a, a*) >—>■ a\a* 
on [x\{E*) define on this set a structure of left unital [x\{E) -module. 

Proof: The external composition law is bilinear and the associativity of the 
the graded algebra [xK-E') is equivalent to the equality e'{axb) = e'{h) o e'{a) 
for a,6 G [x](^^)- Then i'{axb) = i' {a) o i'{h), and hence {axb)\a* = a\{b\a*). 
Moreover, Ija* = a* . 

Let p > and h be integers with p-\- h = n. Let a* = a\x • • ■ X<^p be a fixed 
decomposable p — x-form. The left multiplication by a* in the algebra [x](-E'*), 

x*iX ■ ■ ■ X^h ^ fliX • ■ • XapX^iX ■ ■ ■ Xx*h, 

defines an endomorphism e(a*) of degree p of the Z- graded if- module [x]{E*). 
The transpose of e(a*) is an endomorphism i{a*) of degree —p of the Z-graded 
i^T-module [x]{E). We define e(a*) and i{a*) for a* G [xK^-) by hnearity. 

For any x-form a* G [x](£'*), and for any x-vector a G [x](-^) denote the 
X-vector i{a*){a) by a[a* and call it right inner product of a and a*. Thus, 

[ala ,x j — {a,a XX ) 

for X* G [x]{E*). 
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Proposition 26 Let h and p > be integers with non-negative sum n = p + h. 
Then for any decomposable n — x-vector a = aix ■ ■ ■ X'^n, and for any decompos- 
able p — x- form a* = alx ■ ■ ■ Xo-p, the right inner product ala* is the h — x-vector 

Y x{p){ap{i)X ■ ■ ■ Xap(p),a*iX ■ ■ ■ Xa*p)ap(p+i)X ■ ■ ■ Xap{n) 
in case n > p, and in case n < p. 

Proof: In case n < p we have a [a* = by the definition of the endomorphism 
i{a*). Otherwise, according to Proposition [12] we have 

{ala*,xlx---Xxl) = {aix ■ ■ ■ xan, alx ■ ■ ■ Xa^X^lx ■ ■ ■ X^l) = 
Y x{p){ap{i)X- ■ ■Xap{p),a*iX- ■ ■Xa*p){ap{p+i)X- ■ ■Xap{n),xlx- ■ -Xxl) = 

p(iM(x\n;p,h) 

( Y x(p)(ap(i)X • ■ • Xap(p),a*iX ■ ■ ■ Xa*p)ap(p+i)X ■ ■ ■ Xap(n)-,x\x ■ ■ ■ x4)> 

p^M{x;n;p,h) 

and we get the resuh. 

Corollary 27 Let {ee)"^-^ be a basis for the K-module E and let (e^)"^-^ be 
its dual basis in the dual K-module E* . Let {&j)jej(x,m) ^.nd {eX)k£j(x,m) be 
the corresponding bases of [x]{E) and [x\iE*), respectively. If j £ J{x,'rn,p), 
k G J{x,m,n), and if p -\- h = n, then the right inner product efc[e* is the 
h — x-vector 

Y x(p)efcp(p+i)X---Xefc,(„, 

peMk,j..{x;n;p,h) 

in case n > p, and in case n < p. 

Proof: In accord with Proposition [221 in case n < p we have [e* — 0, and in 
case n > p, we have 

Cfcje* = 

Y x(p)(efe,(i)X---Xe/c,(^,,e*^x---Xe*^)efc^(^^,)X---Xefc,(„, = 

Y x(p)efe^(p+i)X---Xefe^(„)- 

peMkj,_{x;n;p,h) 

Proposition 28 The addition and the external composition law (a, a*) i-^ ala* 
on [x](^') define on this set a structure of right unital [x\{E*) -module. 

Proof: The external composition law is bilinear and the associativity of the the 
graded algebra [x\{E*) is equivalent to the equality e{a*xb*) = e(a*) o e{b*) for 
a*,b* e [xKE*). Theni{a*xb*) ^ i{b*)oi{a*), andhence a[{a*xb*) = (a[a*)[6*. 
Moreover, a[l = a. 
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A Appendix 

Notation 29 Let d, e,. . ., h be k in number nonnegative integers with d + 
e + • ■ ■ + h = n. We assume k < n. Let a: [1, d] [1, n], (3: [1, e] [1, n],. . ., 
7: [1, h\ —>■ [1, n], be strictly increasing maps with disjoint images. Let 9a G Sn be 
a perm,utation with = a.{l),. . ., 9a(d) = a{d), let Op G Sn be a permutation 

with Of3{l) = /3{1),..., Of3{e) = /3(e),..., let 6-y € Sn be a permutation with 
6j{l) = 7(1),..., 6^{h) = 7(/i). For any permutation 6 G Sn we denote by 
00-. Sn — > Sn the conjugation ce{0 = 6C,6~^ . We have 

Cea,{Sd) = Sima, COffiSe) = Sim0, ■ ■ ■ ,C9y{Sh) = Simj- 

Let K be a commutative ring with unit 1. Let U < Sa, V < S^,. . . ,W < 
Sfi be permutation groups, and let e:U U{K), 5:V ^ U{K),..., w.W ^ 
U{K), be linear K -valued characters. We embed the Cartesian product U x 
V X ■ ■ ■ X W in Sn as X = ce^{U)cep{V) . . . ce^{W) and for any G X, ( = 
ce„ {cr)ce0 [t) . . . C0^{ri) , a & U, r G V,..., rj € W, we set 

X(C) =e((7)<5(T)...tt7(?7). 

The map x'-X ^ U{K) is a K -linear character of the group X. Let E be a 
K-module and let (xi, . . . ,Xd) S E"^, (yi, . . . ,t/e) € E^,- ■ {zi, ■ ■ ■ ,Zh) € E^ be 
generic elements. We set 

Xa-i-(i) if i G Ima 
y0-^{i) if Imp 

. Zj-^i) ifi G Im'y 

Let Y < Sn be a permutation group with X <Y, and let M^f '■ •'^(y) be the 
set of all lexicographically minimal representatives of the left classes ofY modulo 
X . For any & Y , E AI^'y"'''^,{Y), we denote by C,' ■ C, the lexicographically 
minimal representative ofC,X modulo X, and set C,' -(^ = C'C^C'C^ where u^'f e X, 
^C'C = Cflc {(^)c0is C"^) • • • ce^ (??), with a gU, T gV,..., T] gW. 

In case an Lu-invariant sequence of characters x = {Xd)d>i is given, if the 
opposite is not stated, we specialize the maps a, P, . . . ,j, the groups U,V, . . . , W, 
and the characters e,S,...,zu, on them, as follows: a(l) = 1,..., a{d) = d, 

= . ., /3(e) = d+e,. . ., 7(1) = d+e + - • - + 1,. . ., 7(^1) = d+eH \-h, 

U = Wd,V = We, ...,W = Wh,Y = Wn, e = Xd,S = Xc ■.,w = Xh- Then 

ceAU) = Wd, C0^{V) = uj\We), ...,ce^{W) = u''^'^-{Wh), 
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and, using notation from Remark \17\ 

M^f-^{Y)^M{x;n;d,e,...,h). 

Lemma 30 The rule (C, C) '~* C ' C defines a left action of the group Y on the 
set M(Y;a,P, ... ,7). 

Proof: Let C" G Y. The three elements (CO • C, C"(C' ' C), and C" • (C • C) are 
in the class C'CC^, so we get (CO • C = C" • (C • 0- Finally, ly . ( = 

Lemma 31 Let t: be a linear K-valued character of Y , and n^x — X- Let 
£^ = 1(7, (5^ = ly,. . ., tn^ = Iw; o.nd TT^ — ly ■ The formula 

i^nE) - u [efiEmsnE) . . . ^m\e), 

d-\-e-\ \-h—n 

^iTT. . .7r^„ 1-^ ^ ^ 7r(C) 

(^C(a(l))'^ • ■ ■ £Cc(Q(d)))'8'('?C(/3(l))^ • • ■ S^CiPie)))'^ ■ ' ' <8>(Cc(7(l))^ • ' ' ^^C(7('»)))' 

defines a K-linear map. 
Proof: The map 

f:E^^ ]J [e]%E)®[5nE)...®[vj]\E), 

d-\-e-\ \-h—rL 

/(a,..., 60= E E <o 

(^(("(1))*^ ■ • ■ ^iao'{d)))®{iam))^ ■ ■ ■ ^^c(/9(e)))® ■ ■ ■ ®(Cc(7(i))^ • ■ ■ ^?c(7('0))' 

is multilinear and semi-symmetric of weight tt. Indeed, let d Y. We have 

/(Cc'(l)'---'^C'(n)) = E E ''(^) 

(Cc'(C(a(i)))^ ■ • ■ eCc'(C(«(d))))®(^C'(C(/3(i)))^ ■ • ■ '5Cc'(C(/3(e))))«) . . . 

^^C'(C(7(1)))^ • ■ • ^^C'(C(7W))) = 

^(C) E E '^(c'c) 

(Cc'(c(a(i)))^ ■ • ■ £Cc'(c("(d))))®(^c'(c(/9(i)))^ ■ • ■ ^k'icim)))® ■ ■ ■ 

'^^C'(C(7(i)))^ • ■ • ^^CiChih))))- 

Since 

t(C' • C) = vr(C'Ccc) = ^(C'C)X(^C'C) = ^(C'C)£(a)<5(r) . . . tn(ry). 
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using Lemma [5(71 we have 

/(?c'(i)'---?c'(n)) = ^(c') E E ^(c'o 

d+e+...+/i=n(;eM°;{^;-;;;;;X>') 

(^C'(C(a(l)))£ • • ■ S^C'(C("(d))))®(^C'(C(/3(l)))'^ • ■ • '^^C(C(/3(e))))® • ■ ■ 
'(C(7(1)))^---^^C'(C(7(M))) = 



^(C) E E ^(c'-c) 

e(CT)(Cc'(C(a(i)))£ ■ • ■ efc'(C("(<i))))«"5(T)(Cc'(C(/3(i)))^ • ■ • '^^C(C(/3(e))))8' • ■ 
®^('7)(?C'(C(7(i)))^ • ■ • ^^C'(C(7W))) = 

^(C) E E '^(c'-c) 

(^C'(C(a('T(l))))e • • • '^Cc'(C(«(^(<i)))))®(^C'(C(/3(r(l))))'5 ■ • • ^^C'(C(/3(r(( 
®^('7)(Cc'(C(7('?(i))))^ • ■ ■ ^^C'(C(7(»)('i))))) = 

^(C) E E '^(c'-o 

(^c'(cK'<("(i))))'^ • ■ • ^^c'(cK'c(«('i))))^^c'(cK'c(/3(i))))^ ■ ■ ■ '^^c'(cK'<(/3(e: 

^^C'(cK'c(7(i))))'^---'^^C'(c(-c'c(7('0)))) = 

^(C) E E '^(c'-c) 

(^(C'-C)(a(i))e ■ • ■ £C(C'-C)(«(d)))«'(C(C'-C)(/3(i))^ • • ■ '^^(C'-C)(/3(e 
^^(C'-C)(7(i))^ • ■ ■ ^ki'OhW)) = 

^(C')/(ei,--.,en)- 

Therefore, according to [3, (1.1.1)], / gives rise to the desired iiT-linear map. 

Let X — {Xd)d>i be an tj-invariant sequence of characters. Using Nota- 
tion [29l we have 

Lemma 32 The maps 

M{x;n;p, h) x M {x;p;d,e, . . .) ^ M {x;n;d,e, ...,h), 

M (x; n; d, q) x uj'^M {x;q;e, . . . ,h) ^ M (x; n;d,e, . . . ,h) , 
{p, g)^l- {pg), 

are bijections. 
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Proof: If Wn/Wp x ujP{Wh) is a set of representatives of the left classes of Wn 
modulo Wp X ujP{Wh), if Wp x ojP{Wh)/Wd x uj'^iWe) x • • • x LuP{Wh) is a set of 
representatives of the left classes of Wp x wP{Wh) modulo Wa x a;'^(We) x • • • x 
i^^{Wh), then the family 

{pe\{p,e) e (W„/WpXa;^'TO)x(WpXa;J'(W^)/WdXa;'^(We)x---xa;^'TO 

of elements of W„ is a set of representatives of the left classes of W„ mod- 
ulo Wd X uj'^{We) X ■ • ■ X cl'^(VK^). Thus, the first map is a bijection because 
M (x;p; d,e,. . .) is a set of representatives of the left classes of Wp x ujP{Wh) 
modulo Wd X uj'^iWe) x ••• x uP{Wh). Similarly, if W^/Wd x uj'^{Wg) is a 
set of representatives of the left classes of Wn modulo Wd x uj'^(Wq), if Wd x 
w'^{Wq)/Wd X a.''*(VFe) X • • • X wP(T/F/i) is a set of representatives of the left classes 
of Wd X oj'^iWq) modulo x uj'^{We) x • • • x then the family 

{pel (P,e) e (M^„/M^dXw''(W',))x(M^dXw'^(W^5)/H^dXw'^(W^e)x---xwf(W^,i))} 

of elements of W„ is a set of representatives of the left classes of W„ modulo 
Wd X w''(We) X ••• X ijjPiWh)- The second map is a bijection, too, because 
w''M (x; q: e, . . . , h) is a set of representatives of the left classes of Wd x w'^iWq) 
modulo VFd X w'^(T¥e) x • • • x ujP{Wh)- 
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